In this note we study a two-particle bound system (molecule) moving on the positive half-line R + under the influence of randomly distributed singular two-particle interactions generated by a Poisson process. We give a rigorous definition of the underlying Hamiltonian and study its spectral properties. As a main result we prove that, with finite probability, the random interactions destroy the discrete part of the spectrum which is present in the free system. Most interestingly, this phenomenon is somewhat contrary to the role attributed to random interactions in the context of Anderson localisation where disorder is generally associated with a suppression of transport.
Introduction
In this paper we are interested in an interacting quantum two-body problem with the halfline R + as one-particle configuration space. The two-particle interactions shall consist of two parts, namely a deterministic binding-potential leading to a molecular-like state and a random part being associated with randomly distributed singular and spatially localised two-particle potentials.
The singular many-particle interactions we consider were introduced in [BK13a, BK13b] in an quantum graph setting for providing a toy-model which allows to study many-particle quantum chaos. Subsequently, this type of many-particle interactions was investigated for a two-particle system on the half-line R + (i.e. in a non-compact setting) in [KM16, EK17] . In [KM16] the authors focussed on spectral theory whereas in [EK17] the aim was to derive an explicit expression for the resolvent and use this to discuss two-particle scattering in the system. Finally, in [KMys] the authors investigated the same two-particle system on the half-line but with an additional two-particle potential leading to a molecular like state, hence providing an extension of the model discussed in [QU15] . Quite interestingly and as discussed in [Remark 3.4, [KMys] ], the presence of the binding-potential leads to peculiar spectral properties. Most importantly, for the molecule with no additional (attractive) interactions, the authors proved the existence of an eigenvalue below the bottom of the essential spectrum. The existence of such an eigenvalue eigenvalue, on the other hand, is of purely quantum mechanical nature and can be attributed to the geometry of the one-particle configuration space.
Our goal in this paper is to understand the effect of additional repulsive random twoparticle interactions on the molecule. In particular, we are interested in investigating the effect on the discrete part of the spectrum which is non-trivial in the free system as described above. Note that the theory of random Schrödinger operators has long become an important area in mathematical physics [HLCS87, Kir08] . Arguably the most important application of this theory is found in the mathematical understanding of the phenomenon of Anderson localisation [And58] . In general, Anderson localisation refers to a suppression of (electrical) transport in solids at certain energies, being due to inhomogeneities in the lattice constituting the solid. To understand this localisation phenomenon mathematically, one starts with a Hamiltonian
and some Z d -periodic potential V respecting the lattice structure. For a large class of potentials, such a Hamiltonian has absolutely continuous spectrum with the spectrum exhibiting a band structure [BS91, Sto01] . Now, by adding a suitable repulsive random potential V ω to H 0 one can show that the operator H ω := H 0 + V ω has (almost surely) a non-trivial pure point spectrum, i.e., σ pp (H ω ) = ∅ (see [Sto01] for more details). In other words, in this picture randomness leads almost surely to a non-trivial pure point spectrum and hence to localisation of the particles which consequently leads to a suppression of transport.
In some sense contrary to this we will show in this paper that there are situations where randomness might lead to an improvement of transport by leading to a destruction of the discrete part of the spectrum with finite probability. As a matter of fact, we will assume the singular two-particle interactions to be distributed on R + according to a Poisson process and hence we are dealing with a high degree of randomness, suitable even to describe amorphous materials [Sto95, Sto01] .
The paper is organised as follows: In Section 2 we formulate the model and give a rigorous definition of the underlying self-adjoint Hamiltonian by constructing a suitable quadratic form. In Section 3 we characterise the essential part of the spectrum and show that it is (almost surely) deterministic. We then focus on the discrete part of the spectrum and show, as a main result, that the discrete part of the spectrum becomes trivial with finite probability given the singular interactions are strong enough.
The model
In this paper we consider a system of two (distinguishable) particles moving on the half-line R + = [0, ∞) described by the formal Hamiltonian
with binding-potential
2) 0 < d < ∞ characterising the size of the molecule. The family of symmetric and nonnegative two-particle interactions {v i :
−νl dl on the probability space (Π, ξ, P) (Poisson process), see [Sto95, PF92] for more details. Note that ν > 0 denotes the concentration of the Poisson process.
Due to the presence of the binding-potential, the two-particle configuration space has been reduced from R 2 + to Ω which is given by Ω :
For later purposes we also define
and
Now, in order to arrive at a rigorous realization of (2.1) we construct a suitable quadratic form on the Hilbert space L 2 (Ω). We define 6) and note that the restrictions ϕ
) are well defined according to the trace theorem for Sobolev functions [Dob05] . Due to the infinite sum in (2.6) one has to employ different methods than those used in [KM16, KMys] for establishing a well-defined quadratic form.
is a non-negative, densely defined and closed quadratic form with form domain
, density follows directly. Also, non-negativity is clear from the definition of q ω since every σ i is non-negative. Now, let (ϕ n ) n∈N ⊂ D q (ω) be a Cauchy sequence with respect to the form norm · qω := q ω (·) (note here that a Poincaré inequality holds on Ω due to the Dirichlet boundary conditions on ∂Ω D ). Due to the non-negativity of σ i and the Poincaré inequality we observe that (ϕ n ) n∈N is in fact also a Cauchy sequence in H 1 (Ω). Denote this limit by ϕ ∈ H 1 (Ω). Employing standard (local) trace estimates [Dob05, KM16] one concludes that ϕ| ∂Ω D = 0 and
for each fixed i ∈ N. Hence, by the Lemma of Fatou we conclude that ϕ ∈ D q (ω) and that
According to the representation theorem for quadratic forms [BHE08] there exists a unique self-adjoint operator being associated with q ω for every ω ∈ Π. This operator, being the Hamiltonian of our system, shall be denoted by −∆ d σ (ω) and his domain by
In this section we discuss spectral properties of the self-adjoint operator −∆ d σ (ω) for values 0 < d < ∞ and we start by characterising the essential spectrum. Recall that the form domain associated with −∆ d σ (ω) is in general not independent of ω which could mean that essential spectrum depends on ω as well. However, this is (almost surely) not the case as proven in the following statement. In this context it is worth referring to a classical result which states that certain ergodicity properties of random Schrödinger operators always lead to purely deterministic spectral parts [Pas73, KM82, PF92] .
holds almost surely.
. More explicitly, we use the same Weyl sequence as in the proof of [Theorem 3.1, [KMys] ] which consists of ground states of the Laplacian on suitable rectangles subject to Dirichlet boundary conditions. Since, with probability one, there exists for any k ∈ N a number i(k) ∈ N such that l i (ω) > k, we can place the sequence of rectangles in Ω such that the boundary contributions in (2.
2 by [Theorem 3.1, [KMys] ].
We now turn attention towards the discrete part of the spectrum and recall the following (deterministic) result which was established in [KMys] .
Remark 3.3. Theorem 3.2 is interesting from a physics point of view since it implies that a molecule in a corresponding eigenstate remains spatially localised without the presence of attractive interactions. Indeed, this effect is a purely quantum-mechanical one originating from the geometry of the one-particle configuration space (the half-line).
The goal is now to understand the influence of the random singular two-particle interactions on the discrete part of the spectrum. From a physical perspective, the strong randomness (Poisson process) is assumed to enforce localisation effects [Sto01] , in particular, if σ i | Γ i (ω) ∞ doesn't tend to zero fast enough. In other words, the particles are hindered from escaping to infinity by an infinite number of strongly repelling potential barriers leading to backscattering. The most dramatic situation would occur if σ i | Γ i (ω) ∞ → ∞, effectively leading to Dirichlet boundary conditions along the associated segments (note that Dirichlet boundary along Γ i (ω) are formally induced by setting σ i | Γ i (ω) = ∞). On the other hand, however, a large number of atoms a i (ω) in a finite interval around zero tend to force the particles to escape to infinity since they start repelling each other.
In a first result we prove that, however strong the singular two-particle interactions are, the probability of having a non-trivial discrete part in the spectrum is always finite.
Proof. Let ϕ 0 ∈ H 1 (Ω) be the normalised eigenfunction of the Hamiltonian −∆ Hence, for every ε > 0 there exists a number n 0 ∈ N such that
for all n > n 0 . On the other hand, since the probability that [0, R n ] (with R n such that supp ϕ n ⊂ B Rn (0)) does not contain any atoms is finite for every n, the statement follows by the minmax principle [BHE08] .
Lemma 3.4 shows that even arbitrarily strong singular interactions may not destroy the discrete part of the spectrum. As illustrated by the proof, this happens whenever the atoms (a i (ω)) i∈N are situated at large enough distance from the origin. However, as shown by the next result, there are indeed situations in which the discrete part of the spectrum is destroyed.
Proof. We first describe how to determine γ: Consider the triangle D := {(x, y) ∈ R 2 + |0 ≤ x ≤ d and y ≤ d − x}. We dissect it into four parts through the lines x = a and y = a with a ∈ 1 η
− δ , η > 1 and small enough δ > 0, and denote the obtained domains by Ω i , i = 1, ..., 4. We then consider, on each domain Ω i , the Laplacian with Robin boundary conditions of constant γ > 0 along the boundary segments formed by the lines x = a and y = a and Neumann boundary conditions elsewhere. We denote the corresponding operators by (−∆, γ, Ω i ) and by µ i (γ, a) > 0 the corresponding ground state eigenvalues.
Consider (−∆, γ, Ω 1 ) with Ω 1 being the square: By Prop. A.1 it is readily verified that
On the other hand, well-known results [Kat95, BP16] allow us to establish that µ 1 (γ,
denoting the lowest eigenvalue corresponding to the Laplacian with Dirichlet boundary conditions along the segments where previously Robin boundary conditions were imposed. Since, by a separation of variables, µ 1 (∞,
with Ω 2 being the triangle: Again by Prop. A.1 we conclude
− δ given γ is large enough, η → 1 and δ > 0 small enough.
Regarding (−∆, γ, Ω 3 ) and (−∆, γ, Ω 4 ) we first note that Ω 3 and Ω 4 are congruent and it is therefore enough to consider Ω 3 only: We reflect Ω 3 along the axis y = d − x to obtain Ω ′ 3 and we then reflect Ω ′ 3 across the axis y = d to obtain the half-cross-shaped domainΩ 3 . Obviously, one has µ 3 (γ, a) ≥μ 3 (γ, a) whereμ 3 (γ, a) is the lowest eigenvalue of the Laplacian on the domainΩ 3 with corresponding Robin boundary conditions. In a with corresponding normalised eigenfunction ϕ 0 ∈ D q (ω). We then consider the form
| 2 (y) dy which is constructed from q ω [·] by deleting all contributions being associated with atoms a i (ω), i = k. Obviously,
and hence, by the minimax principle, the operator associated withq k [·] also has an eigenvalue below π 2 2d 2 . Assume thatẼ 0 is this eigenvalue with corresponding normalised eigenfunctionφ 0 ∈ H 1 (Ω). Now, as in the proof of [Theorem 3.6, [KMys] ], we restrictφ 0 to the triangle D as well as to Ω\D, concluding thatφ 0 | D cannot vanish identically. Furthermore, due to inequality [(3.7), [KMys] ] we obtain, for some l ∈ {1, ..., 4},
However, this is in contradiction with the fact that µ l (γ/2, a k (ω)) > π 2 2d 2 as shown above and hence the statement follows.
Corollary 3.6. Assume that the sequence
Then the discrete part of the spectrum becomes trivial with finite probability.
Remark 3.7. Regarding Theorem 3.5 and Corollary 3.6 it is interesting to note that even strong randomness (Poisson process) and arbitrarily high barriers are not sufficient to avoid the destruction of the discrete part of the spectrum. This is insofar interesting as the spectrum becomes pure point, i.e. σ(−∆ 
A Appendix
We establish the following auxiliary result which implies a domain monotonicity property for the Robin Laplacian on rectangles. Note that such a monotonicity is, on general bounded domains Ω, very difficult to establish already for the Neumann Laplacian [Dob05] .
For the convenience of the reader use a shorthand notation for the volume and surface integrals in the appendix. with σ j ∈ R + . Furthermore, ∂Ω ij denotes the j-th boundary segment of Ω i . For ϕ ∈ H 1 (Ω 1 ) we define a functionφ ∈ H 1 (Ω 2 ) byφ(x, y) := ϕ( ) and obtain
Proof. We calculate Since α, β ≥ 1 a simple estimation yields the result.
In a similar way one can treat rectangles which are increased in one direction and decreased in the other direction. with σ j ∈ R + . For ϕ ∈ H 1 (Ω 1 ) we define a functionφ ∈ H 1 (Ω 2 ) byφ(x, y) := ϕ( ) to obtain
. (A.6)
